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Introduction

Benford’s Law is an empirical observation about the frequency
of digits in a variety of naturally occurring data sets. Although
previously observed by Simon Newcomb (1881), it was more
famously published in scholarly literature by Frank Benford
(1938) who collected 20,000 first digits from an impressively
diverse set of sources such as the distances between cities in
a road atlas, numbers printed in an arbitrary issue of Reader’s
Digest, tables of mathematical constants, addresses of persons
listed in the Annals of Science, and a dozen more. Across all of
these data sources he noted that the first significant digit of num-
bers followed the same pattern. He formalized this pattern in
what we now call Benford’s Law, in which the probability of the
first significant digit being d € {0, 9} is defined by a logarith-
mic function pr(D = d) = log(l + 1/d). Analyses which attempt
to detect deviations from Benford’s Law are called Benford’s
analyses. Benford’s analyses have been adopted by auditors and
financial examiners as a way of detecting problems in account-
ing records, but have expanded to numerous other disciplines
as well.

This paper implements a novel data transformation tech-
nique which allows Benford’s analyses for bounded data sets.
Academic assessment data is often bounded, meaning that the
range of scores includes a set minimum or maximum value. This
may be the case in simple assessments in which the score is the
number of items answered correctly, number of words read,
number of pushups, etc. Bounded data do not conform to
Benford’s Law, limiting its application to assessment, operational,
and other kinds of data. Although the basis for a data transforma-
tion which overcomes this limitation exists, it has not yet been
implemented. Although Benford’s Law has exploded across a
variety of disciplines in the last 10 years, it is relatively unknown
in educational assessment. Accordingly, this paper is positioned
both as a methodological improvement in Benford’s Law,
as well as an introduction to Benford’s Law for academic
assessment usage.

Benford's analysis in auditing

Benford’s Law was treated as a trivial mathematical observa-
tion for most of its history. While it was initially observed in
1881, the first applications weren’t developed until the 1980s.
Early applications involved detecting irregularities in engineer-
ing data (Becker, 1982; Nelson, 1984). In 1988 the first account-
ing application was developed. Carslaw (1988) examined
financial statements of corporations in New Zealand under the
premise that accounting values represent natural activities and
should conform to Benford’s Law. He found that too many entries
ended in 0 and too few ended with 9, consistent with improp-
erly rounding up earnings to create the appearance of stronger
financial performance. Nigrini (1996a) popularized Benford’s
analysis with auditors by demonstrating its usage in detect-
ing fraudulent income tax filings. Auditing and accounting lit-
erature in the late 1990s - early 2000s is replete with Benford’s
Law applications in a variety of usages.

Benford’s Law is not only of interest to the academic com-
munity. The auditing community has adopted it as a common
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tool for evaluating the risks of data irregularities, including
fraud. Training materials such as books, trade publication arti-
cles, and courses in Benford’s Law are provided regularly by
major professional organizations such as the American Institute
of Certified Public Accountants, Institute of Internal Auditors,
Association of Certified Fraud Examiners, and ISACA (an
organization for professionals in auditing information technol-
ogy and security). This training has become ubiquitous enough
that Benford’s Law is now a common subject in undergraduate
accounting courses in the United States, and perhaps elsewhere.
Common auditing software such as Audit Command Language
(ACL), Caseware IDEA, and TeamMate all include Benford’s
Law as a standard feature. Outside of training, Benford’s
Law provides for real needs of accounting firms. Nigrini (1996b)
described Benford’s Law as a tool for accountants and audi-
tors to demonstrate that they have met professional obligations
to consider fraud. This view was tested during a class action
lawsuit related to the Bernie Madoff ponzi scheme fraud (New
York Law School v. J. Ezra Merkin, 2010). Investors sued J. Ezra
Merkin, an investment advisor whose firm was responsible for
decisions to invest at least $2.5 billion into the ponzi scheme.
They claimed that Merken had failed to provide basic due dili-
gence when choosing investments, including his failure to utilize
Benford’s Law.

Beyond auditing

Benford’s Law has expanded to a wide variety of disciplines.
Benford Online Bibliography, a web-accessible reference for
Benford’s Law-related research, includes approximately 1,600
published works across a variety of disciplines (Berger et al.,
2009). Summarizing this literature would not be economical;
key areas of research are highlighted here. One such broad area
is physical measurement. Benford (1938) initially noted that
measurements of atomic weight, molecular weight, black body
radiation, specific heat, the lengths, areas, and drainage of rivers,
and other physical values conform to Benford’s Law. Numer-
ous other physical constants followed in the 21st century. For
example, Sambridge er al. (2010) published a similar summary
of 15 other physical measurements which conform to Benford’s
Law including the mass of exoplanets, greenhouse gas emissions
by country, and the rotational frequency of pulsars. The knowl-
edge that these measures follow Benford’s Law has been applied
to test the quality of data. For example, by knowing that physi-
cal measures of river and lake size conform to Benford’s Law
it was possible to evaluate hydrological databases to uncover
omitted data (Nigrini & Miller, 2007).

Computer security and forensics have been a fertile field for
Benford’s Law. Activity along both computer and social net-
works follows Benford’s Law under some conditions, making
it possible to detect anomalous activity. As a kind of anomalous
network traffic, denial of service attacks can be detected with
Benford’s Law (Prandl, 2017). Social network activity such as
friend or follower counts conforms to Benford’s Law, and it can
be used to quickly locate automated bots in a pool of normal
human users (Madahali & Hall, 2020). Benford’s Law can be
used to examine the data underlying images and videos, includ-
ing biometric data. It can help detect double compression
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schemes (Frick er al., 2020) which can accompany image
manipulation, as well as steganographic techniques for conceal-
ing messages inside images. In addition to locating manipu-
lated images, Benford’s Law also has a use in locating synthetic
computer-generated images (“deep fakes™) (Bonetti et al., 2020).
Approaches for applying Benford’s Law to images have been
extended to biometrics data, which allows for the detection
of tampering of fingerprints (Aamo & Caleb, 2017).

Benford's Law in educational research

Educational research is one field where Benford’s Law has not
been previously explored. Although there is a small, but extant
body of literature on Benford’s Law in education it focuses on
pedagogical issues related to teaching Benford’s Law to students
in various course levels and disciplines (Drake & Nigrini, 2000;
Linville, 2008; Mills et al., 2020). Only a single extant publi-
cation listed in Benford Online Bibliography uses Benford’s
Law analytically and none appear in the EdArXiv preprints. Per-
haps the only existing example in assessment is Slepkov et al.
(2015), who analyzed the potential answers to multiple-choice
questions in physics and chemistry textbooks and found that
those answers conformed to Benford’s Law. Notable perhaps
for not using Benford’s Law are Ashcroft & Kelly (1995) who
counted the frequencies of numbers appearing in grade 1-6 math-
ematics problems. No existing applications in the analysis of
assessment scores presently exist.

Challenges and advancements

Auditors’ focus on fraud and compliance led to growing pains.
Critics claimed that Benford’s analysis often rejected data even
when no fraud was present, leading to a high false-positive rate
(Diekmann & Jann, 2010). Benford’s analysis literature
addressed this in three ways. First, improved statistical proce-
dures were created that were more appropriate for Benford’s
analysis and could limit the risk of false positives (Cho & Gaines,
2007; Fu et al., 2007; Morrow, 2014; Winter et al., 2012).
Second, cognition research was able to articulate a theory
describing how recalling and inventing numbers are fundamen-
tally different psychological processes (Burns, 2009; Chi, 2020).
This theory linked the act of committing certain kinds of financial
fraud to numerical deviations from Benford’s Law, which
provided a stronger footing for claims that it could actually suc-
ceed in detecting fraud. Finally, Benford’s analysis was recon-
ceptualized as a general-purpose data integrity tool which could
detect a variety of different irregularities such as missing data
(Nigrini & Miller, 2007), imprecise data (Judge & Schechter,
2009) as well as distinguish between data produced by different
processes (Kreuzer er al., 2014).

Benford’s analysis is a parametric test in which empirical
data is tested for its conformity to the logarithmic distribution
specified in Benford’s Law. When parametric assumptions are
not met, analysts have a few options: they may alter their para-
metric assumptions, transform their data to meet the parametric
assumptions, or opt for non-parametric tests. Most attempts to
adapt Benford’s analysis to non-Benford distributed digits have
focused on adjusting Benford’s Law. One such approach is to
re-parameterize Benford’s Law to allow for shape and rate
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parameters (Fu er al, 2007). Alternatively, if the distribu-
tion of the data is known Winter er al. (2012) showed that exact
expected digit frequencies could be derived analytically.

Data transformation methods are particularly important for edu-
cational researchers. Hard minimum or maximum values in
a dataset make it unsuitable for Benford’s analysis (Nigrini,
2011). Unfortunately, many assessment instruments produce
scores with clear minimum or maximum values based either
on the number of items on the assessment or the scoring mech-
anism. Similarly, Nigrini and others have observed that data
which range over many orders of magnitude are more amenable
to Benford’s analysis (Fewster, 2009; Nigrini, 2011); this range
is also uncommon in assessment instruments.

Techniques for transforming data that does not satisfy
Benford’s Law into a more appropriate form are less common.
It’s been long-known that multiplying Benford-compliant data
by a constant results in data that still follows Benford’s Law
(Pinkham, 1961), but multiplying non-Benford-compliant data
by a constant results in data that is still not Benford-compliant
(Raimi, 1969). Extending this property to produce a useful
transformation method has been elusive. Jamain (2001) dem-
onstrated that if a random value is divided by a random number
from a Benford-compliant distribution, then the result is a new
value that is also Benford-compliant. However, this stochastic
method is unsuitable for analytic needs because the transformed
values can’t be traced back to a non-transformed value, which
is problematic for field usage. An alternative line of research
proved that exponentiation to an arbitrary large power would
eventually result in a Benford-compliant data (Adhikari &
Sarkar, 1968). However, a specific procedure wasn’t practica-
ble until Morrow (2014) showed that raising a dataset to the
tenth power was sufficient to result in a Benford-compliant dis-
tribution with satisfying characteristics. This paper presents the
first application of this data transformation technique.

Methods

Early Childhood Longitudinal Study Kindergarten Oral
Language Development Scale (ECLS-K OLDS) data and
analysis

ECLS-K OLDS (National Center for Education Statistics, 2009)
scores were used to test whether Benford’s analysis could be
used with assessment data. The ECLS is a series of four lon-
gitudinal studies which track educational and socioemotional
development. Each study included a different age or grade
range; ECLS-K followed a cohort of kindergarten students in
1999 through the 8th grade. The cohort contains approximately
21,000 children drawn from across the United States.

The OLDS was administered as a language screener to stu-
dents whose primary home language was not English. If the
student’s OLDS score was above a threshold they were admin-
istered the full English-language assessment battery. Although
in principle any assessment score that is an interval or ratio
measurement could be used with Benford’s Law, OLDS scores
presented several advantages. First, the ECLS-K is a well-known
dataset. Using an established dataset aids interpretation and
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provides a clear application of new analytical techniques. Sec-
ond, OLDS scores are significant to the rest of the ECLS-K
assessment scores. If the OLDS scores prove to be unreliable
for any reason, it could cascade to later assessments and dis-
rupt the subject-specific assessment scores. Focusing on the
quality of the OLDS screener data is therefore more practical
than focusing on the subject-specific assessments. Third, the
OLDS instrument and items have already undergone reliabil-
ity assessments. For the purpose of the analysis, the initial belief
is that this data is free from material errors. That is, it pos-
sesses no errors which would alter users’ conclusions. If the
analysis does not reject conformance to Benford’s Law, this
would match the existing belief.

CISCTOT is the variable representing fall 2010 total OLDS
scores from the English-language form. 2, 849 numerical
responses were available, excluding non-responses and procedural
flags. Scores of zero were also removed, because the probabil-
ity distribution in Benford’s Law is not defined for zero. After
removing those values 2,563 scores remained. No weighting
procedure was applied. Data was analyzed using Python 3.9.1
(Van Rossum & Drake, 2009) and the Benfords package ver-
sion 1.0.2 (McCarville, 2021). Field practitioners often con-
duct Benford’s analyses by visually inspecting the frequency of
digits. For analytical usage a measure of fit is more appropriate.
An increasingly common test statistic in the literature is the
d statistic created by Cho & Gaines (2007). Morrow (2014)
provided a modified d statistic, d*, which is adjusted for sample
size. Analysis will be conducted both visually and using the d sta-
tistic, or d* when comparisons to samples or subsets of different
sizes are needed.
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Results

The naive (untransformed) OLDS scores do not adhere to
Benford’s Law. Figure 1 below compares the expected first-digit
frequencies from Benford’s Law to the empirical frequency
of first digits among the fall 2010 OLDS scores. Benford’s
Law anticipates a monotonically decreasing frequency of digits;
the OLDS scores instead increase, then decrease. The d statis-
tic is 0.31. No hypothesis test is conducted, because the goal
of this analysis is not to accept or reject the fit of the distribu-
tion, but to prioritize quality assurance resources. This matches
with the general field usage of Benford’s Law in assessing risks,
not testing hypotheses.

The transformation process from Adhikari & Sarkar (1968)
was used to transform this non-Benford compliant data into a
more appropriate form. This is accomplished by raising the data
to arbitrarily high power. Morrow (2014) found that X7/0 was
sufficient for simulated data following known distribution.
One key concern is whether the transformation procedure can
possibly result in an array of scores in which each first sig-
nificant digit is possible. OLDS scores range from 1-60. Rais-
ing each of those to the tenth power shows that it is possible
for transformed values to begin with any digit 1-9, although a
first-significant digit of 7 is only possible when the OLDS
score is 49.

Figure 2 shows the results of the Benford’s analysis using the
transformed OLDS scores. The distribution now more closely
resembles the monotonically-decreasing pattern expected by
Benford’s Law. The d statistic is 0.10, about % of the value of
the untransformed data. Clearly the transformation procedure
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Figure 1. Comparison of Oral Language Development Scale (OLDS) scores to Benford's Law before being transformed.
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Figure 2. Comparison of Oral Language Development Scale (OLDS) scores to Benford's Law after being transformed.

has resulted in a better fit to Benford’s Law. There is a large
spike at the digit 6 and a lack of 7s; since the transforma-
tion procedure is unlikely to result in a first-significant digit
of 7 in this dataset, this may be an artifact of transformation.

If the data transformation process is successful it should dis-
criminate between high and low-risk subsets. High-risk subsets
are where practitioners would want to deploy QA resources to
ensure that data integrity is maintained. Table 1 shows the
results of a Benford’s analysis when subsetting the data by race
and region of the United States. Using the d* statistic, vari-
ance between regions and ethnicity categories is apparent. The
least-conforming subsets are the western region, Asians, and
Hispanic (Race not Specified). These categories are also among
the largest. The same process could be used to refine smaller
subsets for investigation. For example, within the western
region an investigator could look for patterns in racial catego-
ries, resulting in a finer-grained subset of potentially erroneous
data.

Discussion

The two goals of this paper were to implement a novel data
transformation procedure for Benford’s Law, and to introduce
Benford’s Law as a tool for evaluating academic assessment
data. The data transformation procedure was capable of tak-
ing assessment scores which were intrinsically not suited for
Benford’s analysis and render them amenable to it. The analy-
sis was also capable of distinguishing between higher risk and
lower risk subsets (i.e., regions and racial categories). This
same analysis could be conducted on any unit of aggregation
such as assessment administrator, classroom, school district, or

any other category which may be of interest. Although a vari-
ety of reliability and fidelity measures have been published
already, Benford’s analysis is a well-established tool in other
disciplines which can expand assessment analysts’ options. It is
uniquely well-positioned to detect irregularities in aggregates,
such as an administration error which slightly alters students’
scores in a single building, or test fraud by an administrator or
educator.

This research can be placed in a broader research context
which seeks to develop methods to extend Benford’s analysis
to datasets that intrinsically do not conform to Benford’s law.
Morrow (2014) as well as Adhikari & Sarkar’s (1968) ana-
Iytical work describe a data transformation method based on
exponentiation, but this method had lacked an extant applica-
tion until now. Additionally, this paper also provides a similar
application of Morrow’s (ibid) d* statistic, which improves
the more common d statistic by making it responsive to sam-
ple size. These methodological advancements both expand the
universe of applications for Benford’s Law and improve rigor.

Auditors may be interested in these results, because they extend
the level of assurance that can be provided in a variety of
engagements. Auditors already use Benford’s Law to exam-
ine financial data such as transactions and financial statements.
Data that does not conform to Benford’s Law may be consid-
ered a higher risk and audited in more depth. However, there is
a variety of financial data that is restricted to only a few orders
of magnitude or otherwise unsuitable for Benford’s analysis,
such as payment messages for foreign currencies (Krakar &
Zgela, 2009). Financial auditors now have a simple way to
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Table 1. Comparison of transformed and untransformed Oral Language Development Scale
(OLDS) scores, segmented by student region and race.

D* Statistic

N X X* X-X* % Change

Northeast 434 858 219 639 74.53%

Region Midwest 384 733 174 558 76.20%
(N=2563)  south 553 684 275 409  59.75%
West 1,192 939 382 557 59.30%

White, Non-Hispanic 191 636 201 435 68.35%

Black or African American, Non-Hispanic 39 360 180 1.80 50.08%

Hispanic, Race Specified 578 6.65 258 407 61.19%

Hispanic, Race Not Specified 907 830 292 538 64.82%

(nfza,ge@) Asian 748 932 301 631 67.74%
Native Hawaiin, Other Pacific Islander 50 247 116 131 53.14%

American Indian or Alaska Native 9 105 049 056 53.14%

More Than One Race, Non-Hispanic 30 266 1.21 1.45 54.47%

Not ascertained 1M1 169 1.02 0.66 39.30%

apply a well-known tool in their field to a greater variety of
data. Performance auditors and others who typically deal in
non-financial data are similarly benefitted from the exten-
sion of Benford’s analysis into their domains. As the auditing
profession moves toward more robust analytical procedures and
computer-assisted auditing techniques, use of null-hypothesis
testing and adequate critical values will be increasingly important.
This paper demonstrates these tools.

One limitation of this project is that a more detailed field audit
could not be conducted to determine the nature of the irregu-
larity detected. Typically, a substantive review would occur
to determine why the data was not compliant with Benford’s
Law and whether the non-compliance represents a weakness
in the data set. In auditing applications, this may also be used to
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